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ABSTRACT: We provide the first solution of a time-dependent metric operator for the non-Hermitian
Jaynes-Cummings Hamiltonian. We use this solution to calculate the entanglement between two identical
isolated such Hamiltonians. The presence of a non-Hermitian interaction term leads to a spontaneously
broken PT -symmetric regime which manifests itself in the exotic time-evolution of entanglement. When the
symmetry is broken, oscillatory modes transition into decay. As such that there is a drastic difference in
behaviour between the broken and unbroken regimes.
1 Introduction
The Jaynes-Cummings (JC) Hamiltonian [1] is a powerful model describing a two-level atom interacting with
a quantized bosonic field. Being such an elegantly simple example of radiation-matter interaction, it has
numerous applications is many areas of both experimental and theoretical physics. These extend to atomic
and molecular physics [2, 3, 4, 5], quantum optics [6, 7], solid state physics [8, 9, 10] and quantum information
processing [11, 12]. There have also been numerous investigations into the non-Hermitian versions of the JC
model [13, 14, 15, 16]. However, these have been restricted to time-independent treatment and have therefore
been unable to capture the dynamics of the system and to account for the entire parameter range. In this
manuscript we present the first example of a time-dependent solution to a non-Hermitian, PT -symmetric
JC Hamiltonian with an exceptional point. Numerous studies have been conducted on PT -symmetric non-
Hermitian quantum mechanics with spontaneously broken symmetry e.g. [17, 18, 19, 20, 21, 22, 23] and in
classical PT -symmetric optics, e.g. [24, 25, 26]. However, until recently [27, 28, 29], the dynamics of the
spontaneously broken regime was obscure. This solution includes a new time-dependent metric operator
that allows us to make sense of the system when the PT -symmetry is broken. Further to this, we make use
of the metric to calculate the entanglement concurrence between two non-Hermitian JC Hamiltonians.
The JC Hamiltonian has been studied extensively in the context of entanglement e.g. [4, 30, 31], as it
exhibits many interesting features, such as the so called ”sudden death” [32, 33] of entanglement. In this
manuscript we present new exotic features of entanglement between two non-Hermitian JC Hamiltonians
that arise from the spontaneous breaking of PT -symmetry within the model.
The non-Hermitian JC Hamiltonian studied in this manuscript is
H = ωa†a+
1
2
νσz + ig
1
2
(
aσ+ + a
†σ−
)
, (1.1)
with ω, ν ∈ <+ and g ∈ <. a†, a and σ± are the bosonic and spin creation and annihilation operators re-
spectively. This difference between (1.1) and the ordinary JC Hamiltonian is the existence of an imaginary
interaction term ig. Whilst (1.1) is non-Hermitian, it is in fact PT -symmetric under separate transforma-
tions, either for the atom,
PT atomic : a, a† → a, a†, σ± → −σ±, σz → σz, i→ −i, (1.2)
or the bosonic field,
PT bosonic : a, a† → −a,−a†, σ± → σ±, σz → σz, i→ −i. (1.3)
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The PT atomic symmetry can be seen in [34]. The JCH (1.1) has the energy eigenvalues
E±n = ω
(
n+
1
2
)
± 1
2
Ωn+1, (1.4)
with ground state
Eg = −ν
2
, (1.5)
and
Ωn+1 =
√
(ω − ν)2 − (n+ 1) g2, (1.6)
which are real for | (ω − ν) | > |g√n+ 1|. When | (ω − ν) | ≤ |g√n+ 1| the energy eigenvalues become
complex and the PT -symmetries described by (1.2) or (1.3) are spontaneously broken. This can be seen
when looking at the corresponding normalised eigenstates, obtained here for the first time,
|ψ+n 〉 =
cosh (α/2)√
cosh (α)
|↑, n〉+ i sinh (α/2)√
cosh (α)
|↓, n+ 1〉 , (1.7)
|ψ−n 〉 = i
sinh (α/2)√
cosh (α)
|↑, n〉 − cosh (α/2)√
cosh (α)
|↓, n+ 1〉 , (1.8)
|ψg〉 = |↓, 0〉 , (1.9)
with the angle α defined as
α = arctanh
(
g
√
n+ 1
ω − ν
)
, (1.10)
and the states |↑, n〉 and |↓, n+ 1〉 denoting the combination of the photonic and spin state of the system, e.g.
|↑, n〉 = |↑〉 ⊗ |n〉. The angle (1.10) becomes complex when | (ω − ν) | ≤ |g√n+ 1| leading the eigenstates to
be non-normalisable. This coincides with the energy eigenvalues (1.4) becoming complex and is the regime
of spontaneously broken PT -symmetry. It is said to be spontaneously broken as the Hamiltonian remains
PT -symmetric, but the eigenstates are broken. It is this feature that leads to the exotic entanglement
described later in this manuscript.
In the field of non-Hermitian quantum mechanics, it is vital to define a metric operator, ρ and a Dyson
operator η related as ρ := η†η [35, 36]. The metric allows one to form a well-defined inner product 〈−| ρ |−〉
in terms of the wavefunctions |ψ〉 of the non-Hermitian Hamiltonian. Futhermore, the Dyson operator
provides a mapping to an equivalent Hermitian Hamiltonian and associated wavefunctions |φ〉, |φ〉 = η |ψ〉.
The mapping takes the form of the time-dependent Dyson equation
h (t) = η (t)Hη−1 (t) + iη˙ (t) η−1 (t) , (1.11)
where h (t) is the associated Hermitian Hamiltonian and the overdot denotes the time-derivative. It is this
equation we will solve in order to calculate η (t). We are then able to construct ρ (t) from the definition
ρ (t) := η† (t) η (t). We recall that operators and observables in the non-Hermitian setting are related to the
Hermitian setting via a similarity transform utilising the Dyson map [37]
o = ηOη−1. (1.12)
This is of particular importance when we come to consider the density matrix %. This too has an Hermitian
and non-Hermitian counterpart related via a similarity transform. In the non-Hermitian setting the density
matrix must include the metric operator [29].
This manuscript is organised as follows: In section 2 we demonstrate the limitations of a time-independent
metric and Dyson operator when attempting to analyse the spontaneously broken PT regime. This calcu-
lation will also be used to inform our ansatz for the time-dependent metric calculated in section 3. Finally,
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in section 4 we use the time-dependent metric to calculate the concurrence of entanglement for two JC
Hamiltonians across a wide array of parameter sets, including the spontaneously broken PT regime.
2 Time-independent mapping
In this section, we provide a new solution for Dyson operator for the non-Hermitian JC Hamiltonian. In the
time-independent setting, the time-dependent Dyson equation (1.11) reduces to a similarity transform,
h = ηHη−1. (2.1)
The Hamiltonian (1.1) cannot be expressed in terms of generators of a closed algebra, such an algebra would
accelerate the solution procedure as it allows one to write down an ansatz for the Dyson operator in terms
of generators. Instead, we begin the search for a time-independent Dyson operator by using perturbation
theory [38, 39]. In this case the Dyson operator takes the form
η = eq, q =
∑
n=1
g2n−1q2n−1, (2.2)
where the component qi’s are unknown operators. The Hamiltonian is separated into a Hermitian and
non-Hermitian component
H = H0 + iH1, (2.3)
where
H0 = ωa
†a+
1
2
νσz, H1 = g
1
2
(
a†σ− + aσ+
)
. (2.4)
We now can proceed to solve for q1, q3, ... using the perturbation theory framework
[H0, q1] =
2i
g
H1, (2.5)
[H0, q3] =
i
6g
[q1 [q1, H1]] , (2.6)
[H0, q5] =
i
6g
(
[q1 [q3, H1]] + [q3 [q1, H1]] +
1
60
[q1 [q1 [q1 [q1, H1]]]]
)
. (2.7)
We solve these equations sequentially and obtain the following expressions
q1 =
i
(ω − ν)
(
a†σ− − aσ+
)
, (2.8)
q3 =
i
3 (ω − ν)3
(
a†aa†σ− − aa†aσ+
)
, (2.9)
q5 =
i
5 (ω − ν)5
(
a†aa†aa†σ− − aa†aa†aσ+
)
. (2.10)
The series continues in a fashion that we can predict, in fact we can write down a closed expression for q
q = ia†
(
aa†
)−1/2
arctan
[
g
(
aa†
)1/2
ω − ν
]
σ− − ia
(
a†a
)−1/2
arctan
[
g
(
a†a
)1/2
ω − ν
]
σ+. (2.11)
Perturbation theory guided us to the exact solution and now we can find the counterpart Hermitian Hamil-
tonian
3
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h = ω
(
a†a+
σz
2
)
− 1
4
(I + σz) Ωaa† +
1
4
(I − σz) Ωa†a, (2.12)
where
Ωa†a =
√
(ω − ν)2 − g2a†a, Ωaa† =
√
(ω − ν)2 − g2aa†, (2.13)
are operator versions of the frequency described in equation (1.6). In fact, (1.6) is the eigenvalue of Ωaa† .
We can see this by acting on a state |n〉,
Ωa†a |n〉 = Ωn |n〉 , Ωaa† |n〉 = Ωn+1 |n〉 . (2.14)
We can then see that this Hermitian Hamiltonian shares the same energy eigenvalues as (1.1). Therefore
the mapping must break down when |ω − ν| < |g√n+ 1|. This is now the motivation for finding a time-
dependent Dyson operator. In the time-dependent regime the form of the time-dependent Dyson equation
allows for a Dyson operator and metric to exist even when the PT -symmetry is broken and the energy
eigenvalues of (1.1) are complex.
3 Time-dependent mapping
We now introduce a time-dependence into the Dyson operator and therefore solve equation (1.11) in full.
This is the first time-dependent solution for the Dyson operator for the non-Hermitian JC Hamiltonian.
The results from the time-independent mapping inform us of the form the Dyson map should take and so
we make the ansatz
η (t) = eqz(t)eq−(t), (3.1)
where the matrix operator valued functions qz and q− are of the form
qz (t) =
1
2
Kaa† (t) (I + σz)−
1
2
Ka†a (t) (I − σz) , q− = a†
(
aa†
)1/2
faa† (t)σ−. (3.2)
Kaa†,a†a and faa†,a†a are unknown functions of time and the operators aa
†, a†a. K is real and f may be
complex. Acting on a state |n〉, as we did in equation (2.14), we see that the operators have eigenvalues,
Kaa†,a†a |n〉 = Kn+1,n |n〉 , faa†,a†a |n〉 = fn+1,n |n〉 . (3.3)
The adjoint actions of these operators on the components of the Hamiltonian are
eq−He−q− = H0 + iH1 − ig1
2
(
aa†
)1/2
faa† (I + σz) + ig
1
2
(
a†a
)1/2
faa† (I − σz) (3.4)
−
[
(ω − ν) a†
(
a†a
)1/2
faa† + iga
†f2aa†
]
σ−
eqzeq−He−q−e−qz = H0 − ig1
2
(
aa†
)1/2
faa† (I + σz) + ig
1
2
(
a†a
)1/2
faa† (I − σz) (3.5)
−
[
iga† (ω − ν) a†
(
a†a
)1/2
faa† + iga
†f2aa†
]
e−2Kaa†σ− + igae2Kaa†σ+
iη˙η−1 = −ig1
2
K˙aa† (I + σz) + ig
1
2
K˙aa† (I − σz) (3.6)
+ia†
(
aa†
)1/2
f˙aa†e
−2K
aa† .
With expressions (3.5) and (3.6) we have the necessary components to evaluate the time-dependent Dyson
equation (1.11). Finally, we write f = α + iβ where α, β ∈ < and proceed to eliminate the non-Hermitian
terms from
h = ηHη−1 + iη˙η−1 = eqzeq−He−q−e−qz + iη˙η−1. (3.7)
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Eliminating these components leads to the following constraining differential equations
K˙aa† = g
1
2
(
aa†
)1/2
αaa† , (3.8)
α˙aa† = (ω − ν)βaa† − g
1
2
(
1− α2aa† + β2aa†
) (
aa†
)1/2 − g1
2
(
aa†
)1/2
e4Kaa† , (3.9)
β˙aa† = − (ω − ν)αaa† + g
(
aa†
)1/2
αaa†βaa† . (3.10)
These coupled differential equations can be solved systematically. Equation (3.8) can be solved for α
αaa† =
1
2
δ˙aa†
[
g
(
aa†
)1/2
δaa†
]−1
, δaa† = e
2K
aa† . (3.11)
Substituting this into equation (3.10) and solving for β gives the expression
βaa† =
ω − ν
g
(
aa†
)−1/2
+ c1,aa†δaa† , (3.12)
where we obtain the time-independent operator c1,aa† . As we will see, this is defined when considering
the initial conditions. Finally, substituting both α and β into equation (3.9) results in the second order
differential equation in terms of δ
δ¨aa†
2
δ−1
aa† −
3δ˙2
aa†
4
δ−2
aa† + g
2
(
1 + c21,aa†
)(
aa†
)
δ2aa† −
1
4
[
(ω − ν)2 − g2
(
aa†
)]
= 0. (3.13)
Using the substitution δaa† = σ
−2
aa† , this reduces to the operator valued Ermokov-Pinney equation [40, 41]
σ¨aa† +
1
4
Ω2aa†σaa† = g
2
(
1 + c21,aa†
)(
aa†
)
σ−3
aa† . (3.14)
The solution to this is
σaa† (t) =
√
c2,aa† cos
(
Ωaa†t+ c3,aa†
)
+ c4,aa† , (3.15)
with
c4,aa† = Ω
−1
aa†
√
4
(
1 + c2
1,aa† − c22,aa†
)
g2 (aa†) + c2
2,aa† (ω − ν)2. (3.16)
The resulting Hermitian Hamiltonian is time-dependent and takes the form
h (t) = H0 + g
1
2
(
aa†
)1/2
βaa† (I + σz)− g
1
2
(
a†a
)1/2
βa†a (I − σz) (3.17)
+ ig
(
aδa†aσ+ − a†δaa†σ−
)
. (3.18)
In order to set the time-independent operators c1,aa† , c2,aa† and c3,aa† we must fix the initial condition for
η (t). For simplicity, we choose η (0) = I. This sets the operators to
c1,aa† = −
ω − ν
g
(
aa†
)−1
, (3.19)
c2,aa† = −Ω−2aa†g2
(
aa†
)
, (3.20)
c3,aa† = 0, (3.21)
which sets c4,aa† to be
c4,aa† = Ω
−2
aa† (ω − ν)2 . (3.22)
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Therefore the time-dependent, operator valued functions of the Dyson map are
δaa† (t) =
1
2
lnKaa† (t) = Ω
2
aa†
[
(ω − ν)2 − g2
(
aa†
)
cos (Ωaa†t)
]−1
, (3.23)
αaa† (t) = −g
(
aa†
)1/2
Ωaa† sin (Ωaa†t)
[
(ω − ν)2 − g2
(
aa†
)
cos (Ωaa†t)
]−1
, (3.24)
βaa† (t) = g
(
aa†
)1/2
(ω − ν) (1− cos (Ωaa†t))
[
(ω − ν)2 − g2
(
aa†
)
cos (Ωaa†t)
]−1
. (3.25)
4 Exotic entanglement
We now study in detail a system consisting of two JC Hamiltonians. These two Hamiltonains are totally
separated and have no communication with one another. Therefore we can write the Hamiltonian as a simple
sum of two JC Hamiltonians.
H = ωa†a+ ωb†b+ νσaz + νσ
b
z + ig
1
2
(
aσa+ + a
†σa−
)
+ ig
1
2
(
bσb+ + b
†σb−
)
, (4.1)
where we now have two sets of creation, annihilation and spin operators, introducing b, b† and σb±,z for
the second Hamiltonian. It follows that because the two Hamiltonians are totally isolated we can form
the Dyson operator and metric as a simple product of the two systems ρ = ρaρb, η = ηaηb. In order to
construct a wavefunction for the system (4.1) we must define an initial condition. We clearly wish to observe
entanglement and so we ensure the initial state is entangled to some degree. Therefore we set the initial
state of the atoms to be
|ΨAtom〉 = cos γ |↑↑〉+ sin γ |↓↓〉 , (4.2)
where the states |↑↑〉 = |↑a〉 ⊗ |↑b〉 and |↓↓〉 = |↓a〉 ⊗ |↓b〉. The initial state of the cavities we choose to
be |0n〉 = |0a〉 ⊗ |nb〉, this will allow us to observe the wide array of exotic entanglement effects unique to
non-Hermitian systems. The initial state of the whole system is therefore |ΨAtom〉 ⊗ |0n〉,
|ψ0〉 = cos γ |↑↑ 0n〉+ sin γ |↓↓ 0n〉 . (4.3)
Solving the time-dependent Schro¨dinger equation with this initial state leads to the time-dependent wave-
function
|ψ (t)〉 = x1 (t) |↓↓ 0 n〉+ x2 (t) |↓↑ 0 n− 1〉+ x3 (t) |↑↑ 0 n〉 (4.4)
+ x4 (t) |↑↓ 0 n+ 1〉+ x5 (t) |↓↑ 1 n〉+ x6 (t) |↓↓ 1 n+ 1〉 ,
which is a combination of the eigenfunctions |ψg,a〉, |ψ±1,a〉, |ψ±n−1,b〉 and |ψ±n,b〉 needed to allow the initial
condition (4.3). The time-dependent coefficient functions are
x1 (t) = U
∗
n (t) e
− 1
2
i(ω−ν)t sin γ, (4.5)
x2 (t) = Dn (t) e
− 1
2
i(ω−ν)t sin γ, (4.6)
x3 (t) = U1 (t)Un+1 (t) e
−iωt cos γ, (4.7)
x4 (t) = U1 (t)Dn+1 (t) e
−iωt cos γ, (4.8)
x5 (t) = D1 (t)Un+1 (t) e
−iωt cos γ, (4.9)
x6 (t) = D1 (t)Dn+1 (t) e
−iωt cos γ. (4.10)
The functions Un (t) and Dn (t) are defined as
6
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Un (t) =
[
cos
(
1
2
Ωnt
)
+
i (ω − ν)
Ωn
sin
(
1
2
Ωnt
)]
e−i(n−1)ωt, (4.11)
Dn (t) =
g
√
n
Ωn
sin
(
1
2
Ωnt
)
e−i(n−1)ωt, (4.12)
where we recall Ωn =
√
(ω − ν)2 − ng2. Therefore we see that for n > 1, a general state contains three
frequencies, Ω1, Ωn and Ωn+1. This should follow from the fact we have a general wavefunction containing
the eigenfunctions |ψg,a〉, |ψ±1,a〉, |ψ±n−1,b〉 and |ψ±n,b〉. For n = 0 there is only one frequency at Ω1. For n = 1
there are two frequencies at Ω1 and Ω2.
To study the entanglement of this system, we must construct the density matrix [29]
%H (t) = |ψ (t)〉 〈ψ (t)| ρ (t) , (4.13)
and then take the similarity transform in order to calculate the Hermitian density matrix in accordance with
equation (1.12)
%h (t) = η (t) %H (t) η
−1 (t) . (4.14)
In order to find the density matrix we can proceed in two ways: The first is to use the wavefunction (4.4)
along with the metric to construct the non-Hermitian density matrix (4.13). We can then use the Dyson
operator to perform the similarity transform (4.14) in order to calculate the Hermitian density matrix.
The second approach is to use the Dyson operator to transform the wavefunction (4.4) into the equivalent
wavefunction for the Hermitian system |φ (t)〉 = η (t) |ψ (t)〉 (as described in the introduction). We can then
calculate the Hermitian density matrix directly from this new wavefunction
%h (t) = |φ (t)〉 〈φ (t)| . (4.15)
Both approaches are equivalent but the second approach requires far fewer calculations and therefore we
proceed in this manner, calculating %h (t) using equation (4.15) and |φ (t)〉 (as was done in [29]). Acting
with η (t) calculated in section 3 on |ψ (t)〉 from (4.4), we find the transformed wavefunction |φ (t)〉 to be
|φ (t)〉 = y1 (t) |↓↓ 0 n〉+ y2 (t) |↓↑ 0 n− 1〉+ y3 (t) |↑↑ 0 n〉 (4.16)
+ y4 (t) |↑↓ 0 n+ 1〉+ y5 (t) |↓↑ 1 n〉+ y6 (t) |↓↓ 1 n+ 1〉 .
where the new time-dependent coefficient functions are constructed from those in (4.5) and the coefficient
functions in the Dyson operator
y1 (t) = x1 (t) δ
1/2
n , (4.17)
y2 (t) = x2 (t) δ
1/2
n , (4.18)
y3 (t) = x3 (t) δ
1/2
1 δ
1/2
n+1, (4.19)
y4 (t) = −x4 (t) δ1/21 δ1/2n+1, (4.20)
y5 (t) = −x5 (t) δ1/21 δ1/2n+1, (4.21)
y6 (t) = x6 (t) δ
1/2
1 δ
1/2
n+1. (4.22)
(4.23)
We recall δaa† is defined in equation (3.23), δn+1 and δn are the resulting eigenfunctions when acting on a
state |n〉 with δaa† and δa†a
δaa† |n〉 = δn+1 |n〉 , δa†a |n〉 = δn |n〉 . (4.24)
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With the construction of this state, we can now form the Hermitian reduced density matrix of the two
atoms by tracing out the photonic part of the wavefunction
%h =

|y3|2 0 0 y3y∗1
0 |y2|2 + |y5|2 0 0
0 0 |y4|2 0
y∗3y1 0 0 |y1|2 + |y6|2
 . (4.25)
From this density matrix we calculate the concurrence
C (t) = max{0, f (t)}, (4.26)
using Wooters definition [42], where
f (t) = 2|y3|
√
|y1|2 + |y6|2 − 2|y4|
√
|y2|2 + |y5|2. (4.27)
We now plot the concurrence of the state (4.4) for n = 0, n = 1 and n = 2 and note the rich array of
exotic effects we find in each case. We recall that for n = 0, the only frequency present is Ω1; for n = 1, the
frequencies are Ω1 and Ω2; for n = 2 the frequencies are Ω1, Ω2 and Ω3. We vary the parameter κ =
ω−ν
g ,
such that Ωm = g
√
κ2 −m, where m is the index denoting the frequency present. This will determine
whether the frequency modes are in the PT -symmetric or broken regime; for m < κ2, Ωm is real and the
symmetry is intact. We then plot the concurrence with respect to gt/pi.
n=0
n=1
n=2
0 2 4 6 8 10
gt/π
0.2
0.4
0.6
0.8
1.0
C
(a) κ = 0.9, all frequencies are in the broken regime.
0 2 4 6 8 10
gt/π
0.2
0.4
0.6
0.8
1.0
C
(b) κ = 1.4, Ω3 and Ω2 are in the broken regime.
0 2 4 6 8 10
gt/π
0.2
0.4
0.6
0.8
1.0
C
(c) κ = 1.7, Ω3 is the only frequency in the broken regime.
0 2 4 6 8 10
gt/π
0.2
0.4
0.6
0.8
1.0
C
(d) κ = 2, no frequencies are in the broken regime.
Figure 1: Concurrence C (t) over time for the state (4.4) with n = 0 (red), n = 1 (blue) and n = 2 (black). Each
panel is a plot for a different value of κ = (ω − ν) /g.
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Figure (1) shows the concurrence for the state (4.4) for n = 0, n = 1 and n = 2 for the values in
panels (1a) κ = 0.9, (1b) κ = 1.4, (1c) κ = 1.7 and (1d) κ = 2. In each case there is a clear change in
the evolution of the entanglement including new and exotic behaviour, such as entanglement decaying to a
constant value. However, the real discovery is the fact that the entanglement can behave so differently based
on the parameters of the Hamiltonian and the initial state of the wavefunction. For example, we can see in
panels 1a and 1b that by simply altering κ from 0.9 to 1.4 we move from decaying to oscillatory behaviour
in the states n = 0 and n = 1.
This exotic behaviour can be explained by understanding the spontaneous breaking of PT -symmetry in
the wavefunction (4.4). The PT -symmetry for Ωm is broken when m ≥ κ2. When this occurs the evolution
for this frequency mode changes from trigonometric, to hyperbolic. Meaning we see a shift from oscillatory
to decaying evolution. Therefore, when a frequency mode enters the broken regime, it ceases to oscillate
and instead decays to a constant. We can calculate this constant, in the broken regime the time-dependent
functions approach the following constant
|Dn (t→∞) δn (t→∞)1/2 | → 1√
2
, (4.28)
|Un (t→∞) δn (t→∞)1/2 | → 1√
2
. (4.29)
We see this most clearly in panel (1a) in which all frequencies are in the broken regime. For n = 0 the
concurrence contains only one frequency at Ω1, and the concurrence decays to a constant
C (t→∞)→ cos γ
(√
sin2 γ +
1
4
cos2 γ − 1
2
cos γ
)
, for n = 0 and κ < 1 (4.30)
For n > 0 and κ < 1, C (t→∞)→ 0.
In panel 1b with 1 < κ <
√
2 only one frequency (Ω1) is left unbroken and so we see oscillations in n = 0
and n = 1 of only one frequency mode. However, for n = 1 the entanglement never returns to its initial
value of 1. Subsequent oscillations only reach 1/
√
2 because of the decay of Ω2. Entanglement in the state
with n = 2 decays to zero but we see a small oscillation (the contirbution from Ω1) before this happens.
In panel 1c with
√
2 < κ <
√
3 we see the resulting entanglement when Ω3 is the only frequency in
the broken regime. The oscillation of n = 0 remains unaffected as it only contains Ω1. We see a change
in n = 1 as expected. With the frequency Ω2 now unbroken, this now contirbutes as an oscillatory mode.
Therefore this state now oscillates with the combination of Ω1 and Ω2 with no decay. The state n = 2 now
also oscillates with the combination Ω1 and Ω2. However, with the presence of the broken Ω3 mode the
oscillations are damped and entanglement will never reach its initial value.
For the final panel 1d with κ >
√
3 all frequency modes are unbroken and so we see oscillation in all three
states. For n = 0, 1 the nature of oscillation is unchanged from panel 1c. However, n = 2 now gains a third
oscillatory mode, Ω3, and so the resulting oscillations are a combination of the three frequencies present in
the state Ω1, Ω2 and Ω3.
Higher values of n will see similar effects to those presented for n = 2 with transitions in entanglement
behaviour at κ = 1,
√
n,
√
n+ 1.
5 Conclusion
In this paper we presented, for the first time, time-dependent solutions for the Dyson map and metric
operator for the non-Hermitian Jaynes-Cummings Hamiltonian. Until [43], time-dependent solutions to
other models have always relied on the existence of a closed algebra in order to form an ansatz [44, 45, 28, 46],
however this was not possible for the JC Hamiltonian. In this paper, we formed an ansatz for the time-
dependent Dyson map by taking inspiration from the time-independent case (which we solved starting from
perturbation theory).
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The solution for the Dyson and metric operator was used to construct the reduced Hermitian density
operator and subsequently the concurrence between two isolated non-Hermitian JC Hamiltonians. It was
shown that the concurrence exhibits exotic behaviour due to the presence of numerous points of spontaneous
PT -symmetry breaking. At these exceptional points, oscillatory evolution transitions to decay and as such
we see a drastic shift in the overall behaviour. This is the same effect observed in [29]
The ability to control the evolution of entanglement by varying an overall parameters may have impli-
cations for the construction of quantum computers. Preventing the death of entangled states is of utmost
importance for the operation of such systems [47, 48] and so the work presented in this manuscript is highly
relevant. The challenge is to build a laboratory system that imitates that of the non-Hermitian system
presented here. Non-Hermitian systems have been realised in classical optical experiments e.g. [24, 49].
Therefore, it is certainly possible that the same could be achieved in quantum computing.
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